Abstract. The lter that removes from a binary image the components with area smaller than a parameter is called area o p ening. Together with its dual, the area closing, it is rst extended to greyscale images. It is then proved to be equivalent to a maximum of morphological openings with all the connected structuring elements of area greater than or equal to . The study of the relationships between these lters and image extrema leads to a very e cient area opening closing algorithm. Greyscale area openings and closings can be seen as transformations with a structuring element which locally adapts its shape to the image structures, and therefore have v ery nice ltering capabilities. Their e ect is compared to that of more standard morphological lters. Some applications in image segmentation and hierarchical decomposition are also brie y described.
I n troduction
A classic image analysis preprocessing problem consists of ltering out small light respectively dark particles from greyscale images without damaging the remaining structures. Often, simple morphological openings respectively closings 10, 1 1 with disks or approximations of disks like squares, hexagons, octagons, etc., are good enough for this task. However, when the structures that need to be preserved are elongated objects, they can be either completely or partly removed by such an operation.
Let us consider for example Fig. 1a , representing a microscopy image of a metallic alloy. It is corrupted" by some black noise that one may wish to remove note that part of what is called noise here is the intra-grain texture!. As shown in Fig. 1b , a closing of this image with respect to the elementary ball of the 8-connected metric i.e. a square of 9 pixels severely damages most of the intergrain lines, while still preserving some of the largests bits of noise like the blobs in the bottom right and left corners. The author is grateful to Henk Heijmans, Christian Lantu ejoul, Ben Wittner, and Gilles Leborgne for several useful suggestions and fruitful discussions. This is the reason why, in this context, openings and closings with line segments are widely used. In this paper, the morphological opening and closing by a structuring element B are denoted by B and B respectively see, e.g., 10, 1 1 , 1 2 . Denote also by l 0 n , l 1 n , l 2 n , l 3 n the line segments of length n and respective orientation 0 , 4 5 , 9 0 and 135 . The following operations , l n = _ i2 0;3 l i n and l n =^i 2 0;3 l i n are respectively an algebraic opening and an algebraic closing 10, 11, 12 . They tend to preserve elongated structures better than their disk-based counterparts see also 11, pp. 110 112 . However, they are still far from being ideal: indeed, they are rst very computationally intensive, since they involve a series of expensive operations. Furthermore, as illustrated by Fig. 2 , they may remain unsatisfactory in some cases; when n is small, some of the noise fragments are still present, and with increasing values of n, the inter-grain lines tend to be damaged. The remedy to this last problem is to increase the number of orientations of the used line segments, but this in turn increases the computational complexity of the algorithm. In addition, even with a large number of orientations, very thin lines might still end up broken. As will be seen in Sect. 4, the classic solution to this involves a transformation called greyscale reconstruction 4, 2 , 1 6 , 1 7 . In this paper, an even better and more systematic technique is proposed: use all possible connected structuring elements of a given size number of pixels. This will lead to the introduction of the area openings and closings.
The paper is organized as follows: in the next section, area openings and closings are de ned and some of their properties are reviewed. Their relations with image extrema are studied and are at the basis of a very e cient algorithm. Lastly, Sect. 4 illustrates their usefulness for some ltering, segmentation, and hierarchical decomposition applications.
2 Area Openings and Closings: De nitions and Properties
De nition in Terms of Areas
Throughout the paper, the sets X under study will be constrained to be subsets of a connected compact set M IR 2 called the mask". All the notions and algorithms introduced easily generalize to arbitrary dimensions.
The de nitions proposed below for area openings and closings are based on the so-called connected openings 11, 12 : De nition1 connected opening. The connected opening C x X of a set X M at point x 2 M is the connected component o f X containing x if x 2 X and ; otherwise.
On binary two-dimensional images i.e., on subsets of the mask M, the area opening a is de ned as follows:
De nition2 binary area opening. Let Obviously, a is increasing, idempotent, and anti-extensive. It is therefore legitimate to call it an opening 7, 1 1 , 12 . By duality, the binary area closing can be de ned as follows:
De nition3. The area closing of parameter 0 o f X M is given by:
where X C denotes the complement o f X in M, i.e. the set M n X n denoting the set di erence operator. As the dual of the area opening, the area closing lls in the holes of a set whose areas are strictly smaller than the size parameter . The growth of these transformations makes it possible to extend them straightforwardly to greyscale images 12 , i.e., to mappings from M to IR: De nition4 greyscale area opening. Their geometric interpretation is relatively simple: a greyscale area opening basically removes from the image all the light structures which are smaller" than the size parameter , whereas the area closing has the same e ect on dark structures. It is stressed that the word size exclusively refers here to an area or number of pixels in the discrete case. Theorem 10 below will provide a more re ned interpretation of this intuitive i n terpretation.
Second Approach to Area Openings and Closings
In this section, it is shown that area openings can be obtained through maxima of classic morphological openings with connected structuring elements. Recall that B denotes the morphological opening by structuring element B.
Lemma 5. Let Note that to extend theorem 6 to greyscale, we need to apply it to the threshold sets T h f. They thus have to be compact, and this is why upper semi-continuity of f is required. A dual proposition can be stated for greyscale area closings, which n o w requires lower semi-continuity for f. The previous proposition leads to a di erent understanding of area openings respectively closings. As a maximum of openings with all possible connected elements of a minimal size, it can be seen as adaptive: at every location, the structuring element adapts its shape 1 to the image structure so as to remove as little as possible".
Relation with Extrema, Algorithm
This section exclusively deals with openings, the dual case of the closings being easy to derive from the results. We rst recall the notion of maximum on a mapping 10, page 445 .
De nition9 regional maximum. Let This theorem provides a third interpretation of greyscale area openings useful for implementation purposes. Indeed:
Obviously, applying de nition 2 and computing a I for every threshold of the original greyscale image I then piling up" the resulting binary images is a much too computationally expensive operation. Similarly, computing all the possible openings with all the possible connected structuring elements of pixels see Sect. 2.2 becomes an impossible task as soon as is greater than 4 or 5. Indeed, the number of possible structuring elements becomes tremendous! Note however that an approximate algorithm based on such principles has been proposed for 8 1 . It is however still very slow and inaccurate, and the constraint 8 does not leave enough ltering power for most applications.
The algorithm developed for this study is based on theorem 10 and corollary 7. Its rst step is to extract and label the regional maxima of image I under study for this step, refer to 15, 1 8 , 2 . Then, to each maximum are progressively added its neighboring pixels, starting with those with largest value in other words, the local threshold around the maximum is progressively lowered. As soon as the area of the current broadened maximum becomes larger than , the process stops and value v is assigned to all pixels of the broadened maximum. The next maximum is then considered, etc. Implementation of this procedure on a Sun Sparc Station 2 allows us to compute area openings of size 100 on a 256 256 image in less than 3 seconds on average! Adapting it to area closings is straightforward.
Applications

Grains Image Filtering Problem Revisited
It was mentioned in the introduction that greyscale reconstruction helps in this image ltering task. As illustrated by One can see that, while the overall cleanliness is relatively similar in Fig. 3a  and Fig. 3b , the latter does a better job of preserving the inter-grain separations, especially those whose orientation is not one of the four orientations used in the original minimum of closings with line segments. This is illustrated by Fig. 4 , which is the thresholded algebraic di erence between Fig. 3a and Fig. 3b . Note that on the contrary to classic morphological openings and closings, both the reconstruction method and the present area openings closings yield ltered images where no roughness due to the shape of the chosen structuring elements may be observed. 
Use for Image Segmentation
Just as with classic openings and closings, one can very well perform top-hats 8 with area openings and closings. This allows the straightforward extraction of small light or dark structures regardless of their shape. As an example, let us consider Fig. 5a , an image of eye blood vessels where microaneurisms have t o b e detected. These are small light structures which are , disconnected from the network of the blood vessels, , predominantly located on the dark areas of the image, i.e. here, the central region.
A direct area opening of size larger than any possible aneurism yields Fig. 5b and its subtraction from the original image area top-hat is shown in Fig. 6a . The aneurisms are clearly visible but some other small structures not located on the dark image areas are also present. Now, by computing an opening of Fig. 5a with respect to a large square, we basically remove all the light structures and end up with an image of the background" see 
Area Alternating Sequential Filters, Hierarchical Image Decomposition
Having a fast area opening closing algorithm at our disposal allows us to use these transformations in more complex lters. In particular, since the f a g 2IN and the f a g 2IN obviously constitute a size distribution and an anti-size distribution 7 , they can be used in alternating sequential lters ASF 14, 11, 12 . In most practical cases however, there is almost no di erence between the following ASF It lters darks and lights equally well and is very good at removing impulse noise while preserving the shape of the underlying image structures, as illustrated by Fig. 8 .
With increasing sizes of area ASF or simply open-close, one progressively gets images with more and more at plateau" areas, originally corresponding to minima and maxima. As illustrated by Fig. 9 , this process produces a series of images of decreasing complexity or level of detail and could therefore be used in a hierarchical image decomposition scheme. a b Fig. 6 . a Pixelwise algebraic di erence between Fig. 5a and Fig. 5b area top-hat; bmorphological opening of Fig. 5a by a large square.
Conclusions
In this paper, greyscale morphological area o p enings and closings have been introduced, and their properties studied. It has been proved that the area opening of size is equivalent to a supremum of morphological openings with connected structuring elements of area . W e conjecture that, in fact, this is true with connected structuring elements of area exactly equal to . This latter result is true anyway in the discrete case and establishes the connectivity-preserving behavior of these openings and closings. It has been showed that these operators are ideal for many di cult image ltering tasks. Moreover, they can be of great interest in image segmentation and decomposition applications. A fast algorithm derived from the results of this paper has been outlined and will be detailed in future publications. Hopefully these new area openings and closings will be useful for solving a variety of image analysis problems. 
